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Dipole-induced localized plasmon modes and resonant surface plasmon scattering
E. G. Mishchenko
Department of Physics and Astronomy, University of Utah, Salt Lake City, UT 84112, USA
A metal film supports the continuum of propagating surface plasmon waves. The interaction
of these waves with a dipole (nanoparticle) positioned some distance from the surface of the film
can produce well defined localized plasmon modes whose frequency nonetheless resides inside the
continuum. This leads to the resonant enhancement of scattering of surface plasmons off the dipole.
The maximum of scattering is found to occur when the distance from the dipole to the surface of
the film is equal to one half of the film thickness. The possibility of controllable plasmon scattering
could be advantageous for the field of nanoplasmonics.
PACS numbers: 73.20.Mf, 72.30.+q
Introduction. Plasmonics is a relatively new field [1–3]
whose objective is to explore and utilize collective charge
excitations that exist at the interfaces of metals and di-
electrics – surface plasmons, or plasmon-polaritons. Plas-
monics applications hold promise to facilitate optical sub-
wavelength resolution [4]. This is the consequence of two
factors: surface plasmons propagate with velocities well
below the speed of light, and they can be excited op-
tically in the appropriate geometrical configurations [5].
This means that optically excited plasmons are charac-
terized by much smaller wavelengths than those of the
light used to excite them, potentially pushing resolution
beyond the diffraction limit. In the limit of short wave-
lengths the dispersion condition for surface plasmons re-
quires that the dielectric functions at both sides of the
interface add up to zero: e.g. ε + 1 = 0 in the case of
a flat metal surface exposed to vacuum [6]. This yields
the frequency of surface plasmons, ω0/
√
2, significantly
reduced compared with the frequency of bulk plasmons,
ω0. In addition to such propagating plane-wave plasmons
related charge oscillations occur in metallic nanoparti-
cles, the standing waves [7], often called localized surface
plasmon resonances. For a spherical particle the dipole
mode (l = 1) has the lowest frequency, ω0/
√
3. Local-
ized plasmon modes of nanoparticles are of acute interest
to plasmonics as the corresponding resonant near-field
enhancement is conductive to the improvements in the
imaging resolution.
It is well known that localized electron states are of-
ten formed in the vicinity of a lattice defect [8]. In the
case of surface plasmons the mere presence of a surface
imperfection does not produce a bound plasmon excita-
tion, though it results in a scattering of surface plasmons
[9–17] that could be crucial to their controlled propaga-
tion in photonic devices. Nonetheless, a combination of
the metal surface and a localized dipole (nanoparticle,
molecule, etc.) produces configuration resonances [18].
In the present paper we consider plasmon spectrum of
a system consisting of a dipole above a metal film of
finite thickness. Configuration resonances, which could
be viewed as localized plasmon modes acquire intrinsic
attenuation originating from the overlap with the propa-
gating modes, but under the most interesting conditions
this attenuation can be controlled via the film thickness
with the excitations being well defined. Below we first
elucidate how their properties depend on the geometry
of the system before exploring how the corresponding res-
onances can be revealed in the scattering of propagating
surface plasmons off the nanoparticle.
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FIG. 1: A nanoobject positioned a distance z0 above a metal
film of thickness d. The dipole acquires the dipole moment
in response to the applied electric field. The system depicted
here supports a continuum of propagating modes, Eq. (6),
as well as two localized plasmons, Eq. (10). Since the lo-
calized solutions overlap with the continuum they acquire a
finite width. Conversely, the localized modes show up as res-
onances in the scattering of propagating plasmons, indicated
schematically with (blue) arrows.
Consider a point dipole positioned at r = r0 and char-
acterized by the dynamic polarizability χω, such that
the induced dipole moment d = χωE is proportional to
the electric field E oscillating with frequency ω. For the
time being we assume that the dipole is surrounded by
some arbitrary configuration of dielectric and conduct-
ing media. Neglecting retardation effects is legitimate if
the characteristic length scales of the problem are much
smaller than c/ω, in which case the electric properties of
the system are described by the Poisson’s equation for
the scalar potential:
∇(ε(r)∇ϕ) = −4piρ(r), (1)
where ρ(r) is the density of extraneous charges. In the
case of a point dipole ρ(r) = −d · ∇δ(r− r0). Using the
2Green’s function G(r, r′) of Eq. (1) the potential created
by the dipole is expressed as
ϕ(r) = −4pi∇′G(r, r0) · d, (2)
where ∇′ indicates the derivative taken with respect to
the second argument of the Green’s function. The latter,
in the vicinity of the dipole (where the dielectric constant
κ0 does not depend on the position), consists of two parts:
G(r, r′) = − 1
4piκ0|r− r′| + G(r, r
′), (3)
where the first term describes the point source and the
second (non-singular) contribution stands for the field of
the induced charges distributed throughout the rest of
the system. The dipole moment can now be expressed
as di = 4piχω∂i∂
′
jG(r0, r0)dj . The non-trivial solutions
exist when
det
(
δij − 4piχω∂i∂′jG(r0, r0)
)
= 0. (4)
Dipole-induced modes in a metal film. We now apply
this equation to the situation of a dipole surrounded by
vacuum (κ0 = 1) and positioned at a point r0 = (0, 0, z0)
above a metal film of finite thickness d, see Fig. 1. The
film is infinite in the xy-plane and occupies space between
−d < z < 0. It is characterized by the dielectric func-
tion ε(ω) = εb − ω20/ω2, where ω0 is the (bulk) plasma
frequency [19]. Finding the corresponding Green’s func-
tion is straightforward in the Fourier representation with
respect to the in-plane coordinates ρ = (x, y), which is
done by taking into account the appropriate boundary
conditions. As a result, in the region above the film,
z, z′ > 0:
G(q, z, z′) = 1
2q
(ε2 − 1)(eqd − e−qd)e−q(z+z′)
(ε+ 1)2eqd − (ε− 1)2e−qd . (5)
The denominator of this Green’s function has two poles,
ω2±(q) = ω
2
0
1∓ e−qd
εb + 1∓ (εb − 1)e−qd , (6)
corresponding to the well-known surface plasmon modes
[6], characterized by the symmetric (upper sign) and anti-
symmetric (lower sign) distribution of the induced sur-
face charges, see Fig. 2. Taking the inverse Fourier trans-
form of the Green’s function (5) and substituting it into
the characteristic equation for the localized modes (4) we
obtain that there are two solutions (n = 1, 2),
n
2α
= Dω, Dω ≡ z30
∞∫
0
dq q3G(q; z0, z0), (7)
corresponding to the dipole moment polarized along the
z-axis (n = 1) and within the xy-plane (n = 2). Here
we have introduced the dimensionless dipole strength,
α = χω/z
3
0 . The modes determined by Eq. (7) have fi-
nite width even in the absence of any electron scattering.
This happens because the localized plasmon energy over-
laps with the frequency of the propagating modes (6).
The imaginary part then arises from the pole contribu-
tions to the integral in Eq. (7). As we are going to see,
the resulting attenuation is weak, however, and the local-
ized plasmons are well defined provided some geometrical
conditions are satisfied.
It is convenient to proceed by introducing the dimen-
sionless variable 2qz0 = t in Eq. (7):
Dω = ξ
16
P
∞∫
0
dte−tt2
1− e−t(d/z0)
ξ2 − e−t(d/z0)
+i
piz30
2d
q˜2e−2q˜z0 sinh (q˜d). (8)
where the dimensionless frequency variable ξ = (1 +
ε(ω))/(1 − ε(ω) is defined in such a way that the pos-
itive values ξ > 0 overlap with the symmetric surface
plasmons, cf. Eq. (6), while the negative values fall in-
side the anti-symmetric domain. The imaginary part in
Eq. (8) originates from the momenta q˜ determined by
|ξ| = exp (−q˜d). The meaning of q˜ is the momentum of
the propagating surface plasmons into which the local-
ized state decays.
-
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FIG. 2: Dispersion (in units of ω0) of plasmons, Eq. (6), in
a silver (εb = 3.6, ω0 = 1.4 × 1016 s−1) film. Positions of lo-
calized states, Eq. (7), are shown schematically. The variable
ξ = (1 + ε(ω))/(1 − ε(ω)) characterizes the deviation of the
frequency from the limiting value ω0/
√
εb + 1, shown by the
dashed line.
Let us emphasize that α in Eq. (7) is in general a func-
tion of frequency and can be either positive or negative.
Large vales of α are possible near an internal dipole res-
onance. Under less favorable conditions, i.e. away from
the resonances, however, the effective coupling constant
is expected to be small, α≪ 1. Here we consider in more
detail this weak coupling limit, which imposes more strin-
gent conditions on the existence of the localized modes.
In order to satisfy Eq. (7) for small values of the cou-
pling constant α the real part of the function Dω has to
3be large, something that in any case requires that ξ ≪ 1.
The principal value integral in Eq. (8) is calculated in
this limit to be,
D′ω =
piz30 signξ
4d3|ξ|1−2z0/d
(
C ln2 |ξ| − pi(1 + C2) ln |ξ|
+
pi2
2
C(1 + C2)
)
, C = cot
(piz0
d
)
. (9)
This expression gives an excellent approximation for all
values of d > z0 with the exception of a very narrow
(logarithmically) range where d is very close to z0. More
quantitatively, the condition |ξ|2−2z0/d ≪ 1 has to be
satisfied. As we are going to see shortly this is indeed
the situation where the most interesting results are man-
ifested.
(i) Thick films. When the thickness of the film is much
greater than the distance from its surface to the dipole
the number C is large. This forces ξ to be close to α/4n,
which is indeed its exact limit when d → ∞. For finite
but still large d ≫ z0 the following formula gives an ex-
cellent numerical agreement with the exact solution for
all d/z0 & 5: ξ =
1
4nα[1 − 12 (z0/d)3 ln3 ( 4n|α|)], as long as
α is not too large (. 0.5). This yields the spectrum of
localized plasmons (for εb = 1),
ω2 =
ω20
2
(
1− α
4n
+
αz30
8nd3
ln3
4n
|α| −
ipi|α|z30
2nd3
ln2
4n
|α|
)
.
(10)
In the limit d =∞ Eq. (10) recovers the result of Ref. 18.
Finally, in addition to the intrinsic dissipation into propa-
gating plasmons, explicitly given by Eq. (10), there might
be additional contribution from the imaginary part of α
not considered here.
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FIG. 3: The spectral weight A(ω) = Im (1− 2αDω)−1 of the
z-polarized (n = 1) localized plasmon mode (for α = 0.3) as a
function of the dimensionless “distance” ξ from the frequency
ω0/
√
εb + 1, listed in the order of decrease of the maximum
height: d/z0 =2.5 (blue), 2.0 (green), 1.5 (red).
(ii) Thin films. With decreasing the ratio d/z0 the
function (9) decreases (for a given coupling α) [20]. When
d = 2z0 a critical situation arises as the power-law be-
havior is replaced with the logarithmic dependence. Here
C = 0 and ξ = exp (− 16npi2α ). For yet smaller values of
d/z0 < 1 the function Dω becomes non-monotonic and
drops sharply at ξ → 0. This would indicate the existence
of two solutions (per given value of n) of Eq. (7). How-
ever, the increase in the imaginary part of Dω renders
distinguishing such solutions impossible. It is straight-
forward to obtain a quantitative condition ensuring the
sharpness of the localized plasmon resonances. Such con-
dition is inferred from Eq. (10) by requiring that the real
part of ξ exceeds its imaginary part:
d
z0
&
(
2pi ln2
4
|α|
)1/3
. (11)
Fig. 3 illustrates the spectral weight of the localized
modes for different values of the film thickness. The spec-
tral weight as a function of frequency can be found from
considering the dipole’s response to a local ac field Ez
(e.g. for probing the z-polarized state). With the help of
Eq. (2) the resulting dipole moment can be found to be,
dz = χωEz/(1− 4piχ∂2zG). The energy dissipation rate is
thus given by, 〈d˙zEz〉 = ω2 χω|Ez|2Im (1− 2αDω)−1. For
films of large thicknesses where the condition (11) is well
satisfied the peaks are sharp and symmetric, but with
decreasing d display clear Fano-type asymmetry. Let us
emphasize, however, that even for films of smaller thick-
ness the localized plasmon modes, while broadened, could
still affect various response functions significantly. One
of such phenomena will be considered now.
Surface plasmon scattering. The very situation that
gives rise to the finite lifetime of the localized modes is
advantageous for their observation. Since the localized
modes overlap with the propagating surface plasmons (6)
the scattering of the latter off the dipole should exhibit
resonances at the corresponding plasmon energies [21].
The scattering amplitude of a surface plasmon incident
on the dipole with the in-plane momentum nk, see Fig. 1,
is determined with the help of the asymptotic form of
the scalar potential at large distances from the scatterer
(ρ→∞, z > 0),
ϕ(ρ, z) = e±ikn·ρ−kz +
f±(θ)√
ρ
e±ikn
′·ρ−kz , (12)
for the symmetric (upper sign) and anti-symmetric
modes, respectively. The unit vector n′ indicates the di-
rection of the scattered wave’s propagation, cos θ = n·n′.
The z-dependence of the scalar potential outside the film
in Eq. (12) follows from the Laplace’s equation. The time
dependence ∝ e−iωt is dropped for brevity. Note that for
the anti-symmetric plasmon the direction of propagation
is opposite to the direction of its momentum (−n), since
its group velocity is negative, cf. Eq. (6). The incident
field, given by the first term in Eq. (12), which we hence-
forth denote by ϕ(0), must be added to the previously
4considered solution (2) of the Poisson’s equation, yield-
ing in the Fourier representation,
ϕ(q, z) = ϕ(0)(q, z) + 4pi
(
iq · d‖ − dz∂z0
)
G(q; z, z0).
(13)
The induced dipole moment d = −χω∇Φ(r0) is given by
the field of all extraneous charges (excluding the dipole’s
own field) Φ(r). This “outside” field can again be eas-
ily separated from the total field in Eq. (13) if only the
“induced” term (5) in the Green’s function is retained:
Φ(ρ, z) = ϕ(0)(ρ, z)− 4piχω
∫
d2q
(2pi)2
eiqρ
×
[
iq · ∇ρΦ(r0)− ∂zΦ(r0)∂z
]
G(q; z, z0), (14)
where the derivatives of the potential in the right-hand
side are taken at the origin (0, 0, z0). By calculating now
the gradient of both sides of this expression we obtain,
∇ρΦ(r0) = ∇ρϕ
(0)(r0)
1− αDω , ∂zΦ(r0) =
∂zϕ
(0)(r0)
1 − 2αDω . (15)
We can now write for the scattered field defined as, Φsc =
Φ− ϕ0, the following expression,
Φsc(ρ, z) = 2αz
3
0ke
−kz0
∞∫
0
dqq2G(q; z, z0)
×
[ J0(qρ)
1− 2αDω ± i cos θ
J1(qρ)
1− αDω
]
. (16)
The scattered field Φsc does not contain the field of the
dipole itself. The latter, however, is short-range and thus
does not contribute to the asymptotic behavior described
by Eq. (12). The expression (16) is non-perturbative in
the coupling constant α and as such describes multiple
scattering events.
To find the scattering amplitude it is sufficient to cal-
culate only the asymptotics of the integral in Eq. (16).
This is most easily performed by replacing Bessel func-
tions with the Hankel functions according to, Jn =
(H
(1)
n +H
(2)
n )/2, and followed by the rotation of the in-
tegration contour in the complex plane so that it runs
along the positive or negative imaginary semi-axis (for
the terms containing Hankel functions of the first and
second order, respectively). The asymptotic value of the
integral is then determined by the pole singularities, see
Eq. (5), that expectedly originate from the contributions
of propagating plasmons. As a result, for the two prop-
agating modes the scattering amplitudes amount to,
f±(θ) = ∓
√
8
pik
e±ipi/4
(
αD′′ω
1− 2αDω +
αD′′ω cos θ
1− αDω
)
. (17)
Interestingly, the scattering amplitude explicitly depends
only on the geometry of the system, but not on the
metal properties (i.e. the concentration of carriers). The
two poles in Eq. (17) describe the resonant scattering
by the localized plasmon modes discussed above. Since
the propagating surface plasmons have both the in-plane
and out-of-plane components of the electric field both
modes appear in the scattering amplitude. Fig. 4 illus-
trates the behavior of the total scattering cross-section
σ =
∫
dθ|f(θ)|2 (identical for both symmetric and anti-
symmetric modes) for various values of the ratio d/z0.
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FIG. 4: Total dimensionless scattering cross section σk as
a function of the dimensionless plasmon frequency ξ = 1 −
2ω2/ω20 , for α = 0.3. Main frame shows four different curves,
from bottom to top: d/z0 =10 (purple), 5 (red), 3 (blue), 2.5
(green). Inset: from top to bottom curves, d/z0 = 2, 1.7, 1.6,
1.5.
In agreement with the condition (11) the resonant
peaks in the cross section are sharp for large values of
d/z0. The heights of the peaks are 8/k and 4/k for the
scattering from localized plasmons polarized in- and out-
of-plane, respectively, independent of the strength of the
coupling α. This is evident from the fact that the imagi-
nary part of Dω dominates the denominators in Eq. (17)
near the resonances. With decreasing the ratio d/z0 the
peaks broaden and merge together while shifting towards
ξ = 0. In addition a sharp asymmetric feature emerges
at ξ = 0 related to the singularity in the density of states
in the propagating plasmon spectrum. The cross section
reaches its maximum in the critical regime of d/z0 = 2
and then drops sharply for the yet thinner films. In ad-
dition, another peculiar feature, the suppression of scat-
tering at ξ = 0 emerges eventually. It can be traced
to the overlap of the localized state with the propagat-
ing plasmons described by the imaginary part of Dω, see
Eq. (8). At ξ → 0, when the momentum q˜ becomes in-
finity the overlap has a distinctly different behavior for
d > 2z0 (where it diverges) and for d < 2z0, where it is
suppressed.
Radiative losses. So far we have neglected radiative
losses from oscillating motion of the dipole and the elec-
trons in the metal film. Such losses are small by the same
condition already mentioned in the introduction that al-
5lows to neglect retardation effects. The radiative reaction
field acting on the dipole can be estimated from the clas-
sic formula Erad = 2d
···
/3c3. Requiring that this field is
negligible compared with the (electrostatic) field of the
induced charges, 4pi∂i∂
′
jG(z0, z0)dj . From Eqs. (8) and
(9) we get ξ ≪ (c/ωz0)3.
Experimental realization. When the dipole describes a
metallic nanoparticle with the dielectric function ε˜ and
radius a its polarizability is α = 4pi3 (
a
z0
)3(ε˜ − 1)/(ε˜+ 2).
To realize the α ∼ 1 situation the most straightfor-
ward way is to produce the nanoparticle from such a
metallic material that ensures that its first internal res-
onance, determined by ε˜(ω) = −2, is close to the ex-
tended plasmon frequency of the metal film, ε(ω) = −1.
This seems to be feasible for Ag films, where εb = 3.6
and ω0 = 75 256 cm
−1 [22, 23], and Pd particles, where
ε˜ = 1 − ω˜20/ω2, with ω˜0 = 60 495 cm−1 [23, 24]. This
gives for the frequency of propagating plasmons in Ag,
ω0/
√
εd + 1 = 35 088 cm
−1, very close to the first res-
onance of Pd spheres, at ω˜0/
√
3 = 34 927 cm−1. As
a result for a = 10 nm and z0 = 100 nm, we obtain
α ≈ −0.45.
Summary and discussion. In an analogy to the appear-
ance of localized electron states near a crystal defect, a
point dipole positioned above a metal film surface can
produce localized plasmon modes. Such modes split off
from the frequency ω0/
√
εb + 1 by the amount propor-
tional to the dimensionless dipole strength, see Eq. (10).
One of the modes is characterized by the dipole oscillat-
ing in-plane, while the other one is polarized perpendic-
ularly to the metal surface. Both modes overlap with the
continuum of the propagating plasmons and therefore ac-
quire a finite linewidth. The modes are sharp as long as
the film thickness d is greater than the distance to the
dipole, see Eq. (11). While this aspect of the coupling
could be viewed as a detriment, it opens the possibility
of probing the localized states via plasmon scattering. In
thick films the scattering is dominated by the two narrow
peaks whose heights are rather universal and do not de-
pend on the coupling strength or the geometry (the ratio
d/z0). With decreasing d the scattering cross section in-
creases and broadens into an asymmetric resonance. The
maximum cross section is reached for d = 2z0. With the
further decrease in the film thickness the scattering drops
sharply. Our results should be of interest to nanoplas-
monics, both for the direct purpose of increasing near
fields with localized plasmon resonances, as well as via
the controlled guiding of propagating plasmons. In the
latter case the desired degree of control could be achieved
by changing the position of the nano-dipole.
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